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A tale of two concepts

Topological Enumerative
Recursion Geometry
A “Counting"
recursive geometric
algorithm objects
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Topological Enumerative

Recursion Geometry
TR- Geometric
invariants invariants
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Topological Recursion (TR)

m First appeared in Random Matrix theory;

m Generates the asymptotic expansion of correlation functions of the model;

m Promoted to a universal mathematical theory in 2007 by Eynard and Orantin;
m |nput: a spectral curve (initial conditions);

m Output: a sequence of multi-differentials {cog.n},
where g > 0, and n > 0 with recursion on 2g — 2 + n.
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Input: a spectral curve

A spectral curve, S, is a tuple (C, x, y, B), where
m Cis a Riemann surface;
m x and y are meromorphic functions on C;
m x: C — P'is a ramified covering;

m Bis a meromorphic differential on C x C with a double pole on the diagonal with
bi-residue one.

Initial data: o 1(2) = y(2)dx(2),
000,2(21,22) = B(z, z2).
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Output

Forn>0,and2g—-2+n> 0:

r

wg.n(z1,-+,2n) = E{_eas K(zy,2) (a)g_17n+2(z, o(2),z0,-++ ,2n)
=1
!

+ Z wg, 1h1+1(2, Zh)wgz,\/2\+1(0(2)72/2)>,

91+092=9
/1 |JI2={2,“~ ,ﬂ}

where K is called the recursion kernel:

] sz/:o'(z) wo2(21, W)
K(z1,2) = 2 (y(2) - y(o(2))dx(2)’
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Diagrammatic illustration of TR

“Wgn = K* @0
N
e -1 E (j 8
C/\,%, v = m \/jjg T
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Some examples

Step 1: 2g-2+n=1

B co1 1
B o3
r
wo.3(21,22,28) = ) ResK(z1,2) (wo2(2, 22) @02(0(2), 23) + 0.2(2, 23) wo,2(0(2), 22))
=1
r
w11(z1) = 5§§K(Z172) o 2(2,0(2)).
=
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Enumerative geometry

Ancient questions, recent answers.
For example:
m Number of lines passing through 2 points in the plane
m Number of rational curves of degree d passing through 3d — 1 points in the plane

General strategy:
Define and understand a moduli space of "all" geometric objects you're interested in;
Phrase geometric conditions in terms of subvarieties of the moduli space;
Invariants as intersection of subvarieties;

] — counting things ~~~ integration over moduli spaces\
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Relating the two: an example

Let

2 .
_ _ ([t Z° sin(2mz) dzdz
S = (C, X(Z)a y(Z),a)072(Z1,22)) - <]P> ’ 97 oo (21 _22)2 ’

with o(z) = —z and

1 T dZ1
Mai.2) = (22 — z2) sin(2mz) dz’
Then,
@11(21) = Res m_dzdzdz_ 1 (1 4T,
PRET RS0 (22 — z?)sin(2mz) dz (2z)2 822 \z2 6 "

Karoline van Gemst Singularities and Mirror Symmetry

9/14



Mirzakhani recursion

The hyperbolic volume of the moduli space of genus 1 bordered Riemann surface with one
geodesic of length L, is given by

[? + 472
Vi1 =g
Taking the Laplace transform
o0 1 T2
Viq(L)e #tdl = — + —.
/o 11(L) 8z} + 1222

‘ — equivalence under Laplace transform in general? ‘
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Example 2: Gromov-Witten theory of P’

Let
1 dzydz
= — (p? 2 etz
S= (Ca X(Z), y(z)7w0,2(21az2)) (IP , Z+ z: IOQ(Z)a (21 _ 22)2> .

Then TR recovers the higher genus Gromov-Witten theory of P'.

Proved by P. Dunin-Barkowski, N. Orantin, S. Shadrin, and L. Spitz (2014) using Givental
theory and Frobenius manifolds.
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Relating the two continued

In some sense, expect the Laplace transform to play the role of mirror symmetry!

Some questions:
Given an enumerative problem, find spectral curve recovering it’s invariants?
Given a spectral curve, does it exist a geometric interpretation?

Given an enumerative problem or TR spectral curve, does it exist an associated
random matrix model?

Some possible strategies towards solutions:
m Frobenius manifolds/Givental theory;
m Integrable systems/Loop equations/Virasoro constraints;
m Brute force comparison;
m Physics.
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Examples of recent and current research

m BKMP conjecture (now theorem): Open GW-theory of toric CY 3-folds (B. Eynard, N.
Orantin, B. Fang, C.-C. M. Liu, Z. Zong);

m Masur-Veech volumes in the context of quadratic differentials (D. Chen, M. Méller, A.
Souvaget, J.E. Andersen, G. Borot, V. Delacroix, S. Charbonnier, A. Giacchetto, D.
Lewanski, C. Wheeler);

m "Normal", double, and monotone Hurwitz numbers (B. Eynard, M. Mulase, B.
Safnuk, G. Borot, N. Do, M. Karev, R. Kramer, A. Popolitov, S. Shadrin);

m Enumeration of hypermaps recovered by TR (G. Carlet, J. van de Leur, H. Posthuma,
S. Shadrin).

TR is also intimately connected to:
Cohomological (and topological) field theories, knot theory, quantum curves, the WKB
approximation and BPS states.
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My current work

Let
(C =P,
_4\k __4\n+15n+1
x= EDAECUTZED st 42 k20
S =1y =log(2),
2k
B(Z1,22) _ Z (—1) n dZ127kd222‘
L kez, (21 —(=1) 71 22)

Then, TR recovers the higher genus Gromov-Witten theory of the orbifold P}, .., .

Karoline van Gemst Singularities and Mirror Symmetry 14/14



